Abstract. The purpose of this article is to provide a new characterization of CohenMacaulay local rings. As a consequence we deduce that a local (Noetherian) ring R is Gorenstein if and only if every parameter ideal of R is irreducible.
Introduction
Let (R, m) denote a commutative Noetherian local ring. It is well-known that R is Gorenstein if and only if R is Cohen-Macaulay and some ideal generated by a system of parameters (s.o.p) of R is irreducible. Perhaps less widely known is a nice result of D.G. Northcott and D. Rees which states that if every ideal generated by a s.o.p of R (henceforth a parameter ideal) is irreducible, then R is Cohen-Macaulay (see [4, Theorem 1] ). Thus, R is Gorenstein if and only if every parameter ideal is irreducible. The purpose of this note is to establish a new characterization of Cohen-Macaulayness of R. Our main theorem is the following: (i) R is a Cohen-Macaulay ring.
(ii) For any parameter ideals a and b of R with b ⊆ a, we have
As a consequence we obtain that a local (Noetherian) ring R is Gorenstein if and only if every parameter ideal of R is irreducible.
One of our tools for proving Theorem 1.1 is the following:
Throughout this article, R will always be a commutative Noetherian local ring with maximal ideal m and dim
. Also, the socle of L is defined to be (0 : L m) = {x ∈ L| m x = 0}, and is denoted by Soc R L. For any unexplained notation and terminology we refer the reader to [1] and [2] .
Proof of the main theorem
In order our main result, we prepare the following lemma.
Proof. (i) Since Γ m (R) is an Artinian R-module, the descending sequence of the submod-
is stationary, i.e., there exists a positive integer n such that
for all integers i ≥ 1. Now, we have
and so by Krull's Intersection Theorem (
Since m ∈ Ass R R, it follows that I = 0. Now let b 1 , . . . , b d be a system of parameters of R. Then in view of (i) there exists an integer n 1 ≥ 1 such that (b
It is clear that a 1 is a part of a system of parameters of R. Let R 1 := R/(a 1 ) and
2 . Then Γ m (R/(a 1 , a 2 )) = 0 and a 1 , a 2 is a part of a system of parameters of R. Continue in this way: there exist positive integers n 1 , . . . , n d such that
d is a system of parameters of R and m ∈ Ass R R/(a 1 , . . . , a i ) for all 1 ≤ i ≤ d.
Corollary 2.2. Suppose that for every system of parameters
Proof. Suppose that m ∈ Ass R R and look for a contradiction. To do this, in view of Lemma 2.1, there exists a system of parameters x 1 , . . . , x d of R such that m ∈ Ass R R/(x 1 , . . . , x d−1 ), and so x d is not an R/(x 1 , . . . , x d−1 )-regular element. With this contradiction the proof is complete. Now, we are ready to state and prove the main theorem. 
As (0 : R b) = I, it follows that
Now, let s ≥ r 2 + 1 be an integer. Then in view of assumption (ii) we have
Next, we show that
To do this, suppose c ∈ I and δb
and so c = 0. Thus δb s−r 2 = ub s ∈ (b s ). Consequently,
Since R/(b) is a local ring, it follows that
. Hence in view of NAK's Lemma, b s−1 = 0, and so m = (0), which is a contradiction. Therefore, I ⊆ (b s ), and so I = I ∩ (b s ) ⊆ I ∩ (b) = 0. Thus I = 0, and so m ∈ Ass R R. Since dim R = 1, it follows that R is a Cohen-Macaulay ring.
Assume, inductively, that d ≥ 2 and that the result has been proved for d − 1. Let x 1 , . . . , x d be an arbitrary system of parameters for R. For each integer n ≥ 1, set + (x 1 , . . . , x d−1 ) is a system of parameters of S, then x 1 , . . . , x d−1 , y is a system of parameters of R, (note that dim S = 1). Hence
and so applying the method used above it follows that S is a Cohen-Macaulay ring. Thus x d is an R/(x 1 , . . . , x d−1 )-regular element, and hence by Corollary 2.2, m ∈ Ass R R. Accordingly, there exists η 1 ∈ m such that η 1 ∈ Z R (R). Therefore, η 1 is a part of a system of parameters of R. Now, let T = R/(η 1 ) and
be two parameter ideals of T such that d ⊆ c,
are two parameter ideals of R. Moreover, we have The final result shows that a local (Noetherian) ring R is Gorenstein if and only if every parameter ideal of R is irreducible. This completes the proof.
